Introduction
R. Sikorski [6] has constructed a determinant system for any linear and continuous Fredholm operator I + T in a Banach space, where T is a quasinuclear operator.
A. Buraczewski [3] has obtained analytic formulae for a determinant system for any linear continuous operator I + T in a Banach space, where T k is a quasi-nuclear operator for some positive integer k. The purpose of this paper is to show how to construct effectively a determinant system for any linear and continuous operator A = S+T in a Banach space, where 5 is a fixed Fredholm operator, U is a quasi-inverse of 5, T is a such operator, that if index d(S) = d > 0, then (UT) k is a quasi-nuclear operator for some positive integer k. Similarly, if d(S) = d < 0, then (TU) k is a quasi-nuclear operator. The obtained result is a generalization of the determinant theory of operators of the form I + T, where T k is a quasi-nuclear operator for some positive integer k.
The possibility of the generalization was suggested by Prof. A. Buraczewski to whom the author is very much indebted.
Preliminaries
Let X, E be fixed Banach spaces over the same real or complex field K. The norms in X and E are denoted by ||||x and respectively. A pair (S, X) is said to be a pair of conjugate Banach spaces,
if there exists a continuous bilinear functional I : E x X -• K whose value at a point (£,x) £ E x X is denoted by £x (i.e. /(f,x) = £x) and which satisfies the following conditions:
(a) if £x = 0 for every £ G E, then i = 0; (a') if fcc = 0 for every x £ X, then £ = 0.
The bilinear functional I is called the scalar product on E x X.
It follows from conditions (a), (a') and from continuity of /, that every element £ G E can be interpreted as a linear continuous functional on X and, analogously, every element x £ X can be interpreted as a linear continuous functional on E. In symbols
Hence, to each element f G E we can assign two norms: and ||£||x-, where (2) m\x-= sup{|far| : \\x\\ x < 1}.
Similarly, to each element x £ X we can assign two norms: ||x||.y and , where (2') ||a;||=. = sup{|i®| : ||f|| = < 1}.
If II IISi II ||x* are equivalent norms in E and ||||x, |||| =•• are equivalent norms in X, then a pair (E,X) is said to be a pair of isomorphically conjugate Banach spaces. A pair (E,X) is a pair of isomorphically conjugate Banach spaces if and only if, in interpretation (1), E is a closed subspace of X*, and X is a closed subspace of E*.
Let op(E,X) be the set of all continuous bilinear functionals A : E x X -> K whose value at a point G E x X is denoted by £i4x (i.e. ,4(£,a:) = and satisfying the following conditions: (b) for every £ 6 E there exists 77 G E such that t]x = £Ax for every xel;
(b') for every x G X there exists y G X such that = for every
Note that such 77 and y have to be unique.
Every functional A G op(E, X) can be interpreted as a linear continuous mapping A : E -• E defined by the formula £A = TJ, where 77 is the element satisfying the condition (b) and also as a linear continuous mapping A : X -» X defined by the formula Ax = y, where y is the element satisfying the condition (b'). Elements of op (E,X) are called operators. = sup{||/lx|U : ||x|U < 1} = sup{||MIU = IKIU < 1}
for every A € op(E,X). It is also a Banach algebra with the unity, where the multiplication is defined by the formula
The unity of this algebra is the scalar product I defined by the formula £Ix = £x for (f, x) e E x X.
is said to be a quasi-inverse of an operator A 6 op(E,X). For fixed elements x<j € X, £o € E let xo • £o stands for the operator defined as follows (6) £ For a fixed operator C G op(E, X) let us define quasi-nuclei CT and TC on op{E,X) by the formulae
if D can be interpreted as a function of the variables let us define the ((n-l) + (ni -l))-linear functional FDD on E n~l x X m~l (see [4] ) by the formula
where
If n > 1 and m > 1, then interpreting TDD as a function of the variables
for Zi e E, Xj e X, i = 2,..., n, j = 2,..., m. (14) (r k nr k -1 n...nr l nD)( determine the same quasi-nuclear operator ( -l) a+1 (t/T) 4 . Since the operator AQ defined by (17') is invertible and (-l) i+1 (i/T) s is a quasi-nuclear operator, then in view of (17) we conclude that I + UT is a Fredholm operator and, consequently, A is Fredholm as the composition of Fredholm operators S and / + UT. It follows from the main theorem of determinant theory (see [5] ) that A has a determinant system. Our purpose is to construct this determinant system. Let (0") be a determinant system for I, i.e. 
.., n, j = 1,..., m and similarly
where Let us denote
We shall recall the following property of determinant systems (see [5] for n £ N, £ E, Xi £ X, i = 1,..., n is a determinant system for BA, and 
Since S + T = S(I + UT), r(5) = 0, d(S) = d

., 6,-mAO \ for £i,T)j 6 E, xt,yj € X, i = 1,..., n + d, j = 1,... ,m, / = 1,..., n is a determinant system for A = S + T, where S is a Fredholm operator of order r(S) = 0, and of index d(S) = d > 0, (UT) k is a quasi-nuclear operator for some positive integer k and a quasi-inverse U of S.
Now if S = I, then U = I and we obtain Buraczewski's formulae for the determinant system for operator I + T, where T k is quasi-nuclear for some positive integer k, given in [3] . If Ar = 1, i.e. UT is quasi-nuclear, then T is also quasi-nuclear and Ao = /, s = k = 1. Hence, we obtain formulae given in [1] for the determinant system for S + T, where 5 is a Fredholm operator and T is quasi-nuclear. Moreover, the obtained analytic formulae are independent of the choice of a quasi-inverse U of S. [2] , that 
Assume that V € op(E,X) is another quasi-inverse of the operator S(r(S) = 0, d(S) = d> 0). It follows from
Since (UT) k is a quasi-nuclear operator for some positive integer k, determined by a quasi-nucleus T, then (VT)
k , in view of (31) is also a quasinuclear operator, determined by a quasi-nucleus T, defined as follows In view od (36') and (36") the determinant systems (V n ), (2?*) defined by formulae (29) and (33), respectively, coincide. In other words, a determinant system for S + T, where 5 is a Fredhoim operator of order zero and of nonnegative index, and (UT) k is quasi-nuclear, does not depend on the choice of a quasi-inverse of S from the class (34). It is not yet known whether a determinant system for the considered operator S + T is independent of the choice of an arbitrary quasi-inverse of S.
Let us consider A = S+T, where S G op(E, X) is a Fredhoim operator of order r{S) = 0 and of index d(S) = d < 0, T € op(E, X) is a such operator that (TU) k is quasi-nuclear for some positive integer k and for a quasi-inverse U of S. Let <7\,.. .,<j-d denote all linearly independent solutions of £S = 0. Similarly as in the previous case, the operator A can be represented in the form A = (I + TU)S. It can be shown on the basis of the main theorem of [3] , that for every integer / > k there exists an integer s > I such that Hence, in view of (37) It follows from properties (27), (27') and from the formula (37) that a determinant system (D n ) for I + TU is of the form 
Similarly, as in (32), if (TU)
k is a quasi-nuclear operator for some positive integer k, determined by some quasi-nucleus F, then (TV) k , in view of (43), is also a quasi-nuclear operator, determined by a quasi-nucleus T, defined as follows
Replacing i/ by V and T by in (37'), (41') and (41"), we obtain a determinant system for A = S + T, where (TV) k is quasi-nuclear.
Let us consider the class of quasi-inverses of 5, which can be represented in the form (42), where Z{ € N{T) for i = 1,..., -d, i.e. In a similar way as in (36'), (36"), applying elementary properties of determinants, it is easy to verify, that a determinant system for S + T, where 5 is a Fredholm operator of order zero and of negative index, and (TU) k is quasi-nuclear, does not depend on the choice of a quasi-inverse of S from the class (46). k is a quasi-nuclear operator. Let us denote by Tq its quasi-nucleus. In view of (49), bearing in mind that .s r+1 ,...,s m is a basis of N(So), in order to obtain effective formulae for determinant systems for the operator A = S + T it is sufficient to substitute S 0 for S,T -L for T, U 0 for V and To for T in (29') and (29").
Similarly, suppose that d(S) < 0. Since (TU) k is quasi-nuclear, then it is easy to verify that [(T -L)Uo] k is also quasi-nuclear. Denoting by To its quasi-nucleus, bearing in mind that a r +i,..., a^ is the basis of Af(5o) and substituting 5o for S,T -L for T, Uq for U and To for T in (41') and (41"), we obtain analytic formulae for determinant systems for the operator A = S + T.
